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Presentation

Stieltjes Transform Method



Important Lemma

Z. D. Bai and J. W. Silverstein, " No eigenvalue outside the support of the limiting specitral
distribution of large dimensional sample covariance matrices", Ann. Probab. vol. 26, no.
1, pp. 316-345, 1998.

Let A be a deterministic N x N complex matrix with uniformly bounded specitral radius
forall N. Let x = ﬁ[azl, ...,zn]" where the {z;} are i.i.d complex random variables
with zero mean, unit variance and finite eight moment. Then:

1 C
E || x"Ax — —TraceA |*| < —
N N?Z

where C'is constant that does not depend on NV or A.

Corollary. This result ensures that
I 1
x Ax — —TraceA — 0
N

almost surely.



Definition

Uniformly Bounded Spectral Radius: There exists a real number, independent of IV,
which bounds the magnitudes of the eigenvalues of A for all V.



Why Eighth Moment Bounded?

The proof proceeds by induction on p on the following inequality:

(Vs

1 p
E | XHAX—NTrace(A) "< K, ((E |y |* Trace(AAH)) +E |z | Trace(AAH)]29>



An Even Stronger Result holds

D.N.C. Tse and O. Zeitouni, "Linear multiuser receivers in random environments", IEEE
Transactions on Information Theory, 46(1): 171-188, Jan. 2000

A stronger result was shown to hold:

1
VN [x"Ax — NTraceA — N(0,0°)



Elements of proof for the Marchenko-pastur law

Write

v[:

where W is of size N x K anduis of size 1 x K with centered i.i.d elements and
variance .

H

-1 H
H | uu’ — 2z uU
(WW - ZIN) - [ uu?  UUY — Iy,

Element (1,1) of (WW" — 21y) " can be rewritten (using inversion formula of block
matrices):

[(WWH ~ 21y ] = Syl
11 uuf — z —aUH (UUH — zIy_1)  Uuf



Elements of proof for the Marchenko-pastur law

Using the identity:

—1

—1
I, — U (UUH _ zIN_1> U= —2 (UHU _ zIK)

We obtain:

H —1 1
(WW . zIN) -~ .
n —z—zu(UHU — zIg)  u”

Since u has i.i.d elements and is independent of (U”U — z1) ' we get:

[(WWH — 21y ] ~ .
11 —z — z%Trace (UHU — zIk)

when N — oo.



Elements of proof for the Marchenko-pastur law

Since W#W = U”U + ufu (rank 1 perturbation), then for high values of N,

1 —1

H -1 1 H
—Trace <U U — zIK> ~ —Trace (W W — zIK)
N N

Moreover, one can easily verify that:

1 H —1 ]. H —1 N - K ].
—Trace (W W — zIK) —= —Trace (WW — zIN) 4 —
N N N =z
which yields:
[(WWH _ zIN> ] ~ .
11 a—1—z— zxTrace ( WWH — zIy)

1

a—1—2—2GywH(2)




Elements of proof for the Marchenko-pastur law

Remark.

1 H —1
Gwwi (2) = NTrace (WW — zIN>

]. H —1
GwHw(2) = ETrace (W W — zIK)



Elements of proof for the Marchenko-pastur law

Note that the equality is independent of the index of the diagonal term (o = % when
N — 00):

e R
— ZIN —
n  a—1—2—2Gu\wa(2)

Since Gywi (2) = % Zj\’zl [(WWH — zIy) _1} ~, we have for large values of N:

17

1

a—1—2z— 2GywwH(2)

Gwwi(z) =

which admits as a solution:

a— 1 1 a—1—2)2—4z
10 )

G z) =
wwH (2) 22 2 22
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Some references using the Stieltjes Transform Method

V.A. Marchenko and L. A. Pastur, "Distribution of eigenvalues for some sets of random
matrices." Math. USSR Sbornik, 1(4): 457-483, 1967.

J.W. Silverstein and Z. D. Bai, "On the empirical distribution of eigenvalues of a class of
large dimensional random matrices." J. Multivariate Anal. 54(2) : 175-192, 1995

V.L. Girko, "Thirty years of the central resolvent law and three laws on the -+ expansion for
resolvent of random matrices.", Random Operators and Stochastic Equations, 11(2):
167-212, 2003.
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Another useful result on quadratic forms

L. Cottatellucci and R. Mduller, "CDMA Systems with Correlated Spatial Diversity: A
generalized Resource Pooling", to appear in IEEE transactions on Information Theory,
2007.

Z.D. Bai and J. W. Silverstein, "On the Signal-to-Interference-Ratio of CDMA Systems in
Wireless Communications”, To appear in Annals of Applied Probability, 2007

Theorem. Let W = [w, ..., wg]| be N x K matrix with zero mean i.i.d entries and
variance +. Define for each N and k, 8 = /Tx[vk(1), ..., vx(L)]" such that the
empirical distribution of 34, ..., Bk (independent of W) weakly converges to a probability
distribution Py in C~. Defined x;, = v/Ti[vx(1)wg; -..; v (L)wy] be a column vector of
size NL x 1. Then,when N, K — oo

—1
xf (Z ijf — zINL) X — B,fABk
j#k

1 BB"
A = (a]E <1+5HA5> —zIL>

where
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Presentation

Results on Random Unitary Matrices
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Haar Matrices

Definition. A square matrix ® is unitary if
ee” =e"e =1

Definition. An N x N random matrix © is a Haar matrix if it is uniformly distributed on
the set U/ (INV) of N x N unitary matrices. Its density function on t/(N) is given by:

N
N =g NN+ [T~V -
1=1

Characterization: For each U deterministic unitary, ® and U® have the same
distribution (left invariance characterizes the Haar measure on a compact group).
Lemma. The eigenvalues \; fori = 1, ..., N of an N x N Haar matrix lie on the unit
circlei.e A\; = e?% and their joint p.d.f is

1
aill A=A
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The Birth of the Haar measure

Alfred Haar, 1885-1933
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Haar Matrices

Generation. ® = W(W”W)~'/2 where W = [w;, j]1<; j<n has i.i.d complex Gaussian
unit variance entries is Haar distributed.
To see this, notice that for each constant unitary matrix U,

Uw(WPw) 2 = uw[(uw) uw] /2 |

Since the probability distribution of W and UW coincide, matrices W(W¥W)~1/2 and
UW ((UW)ZUW)~Y/2 have the same distribution.

The above equality thus implies that UW (WZW)~1/2 and W(WHW)~1/2 gre
identically distributed.
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Haar Matrices

There is another way for building Haar distributed unitary matrices that will be useful to
our context. Instead of multiplying W by the inverse of the Hermitian square root of
WH W, one can introduce the uniquely defined upper triangular matrix with positive
diagonal elements Q(X) defined by

WIW = Q(W)"Q(W) .
The unitary matrix ® (W) defined by
O(W) = WQ(W) ™! (1)
is also Haar distributed. To see this, we first remark that for each constant unitary matrix
U, the probability distribution of ®(W) and of ® (UW) coincide. But, it is obvious that
Q(UW) = Q(W),sothat UB(W) = O(UW). Therefore, the probability distribution of

®© (W) and of UG (W) coincide. Remark that the columns of ®(W) are obtained by a

Gram-Schmidt orthogonalization of the column space of W.
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Haar Matrices

Useful Properties:
E[| 64 |7
E[| 645 |"]
E[| 6i I°| 0k; |]
E[| 65 || Ont |]

E[6:0110;,6,]

2|~

N(N + 1)

= E[ 0 |°| 0a |]

N2 —1

- N(N2—1)

 N(N +1)
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Asymptotic Haar matrices

D. Petz and J. Réffy, "On Asymptotics of large Haar distributed unitary matrices,"
Periodica Math. Hungar. 49 (2004), 103-117.

Theorem. Let ® y be a sequence of N x N Haar unitary random matrices. Then
Trace® y converges in distribution to a standard complex normal variable as N — oo.

Theorem. Let Z be a standard complex normal distributed random variable, then for the
sequence of ® y N x N Haar unitary random matrices

Trace@é\, —ViZ.

in distribution.
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Another important lemma

Let ® bea K < N columns of an N x N Haar distributed random matrix and suppose 6
is a column of ®. Let By be a N x N random matrix, which is a function of all columns
of ® except # and B = supy, || By ||< oo, then

C
TI'(HBN) ‘4< —_—

E|6"Byo — <
N — K N2

Where IT = Iy — ©O" + 90" and C is a deterministic finite constant which depends

_ K
onlyon B and a = .
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Proof

® = [0, ..., 0k] extracted from a Haar matrix.

Let X = [x1, ..., xx] be an i.i.d. Gaussian matrix.

X1

61

I |

II;x5

) = ———
|| TL x5 ||

whereII; =1 —

I 1xx

O =
[Tk —1xk |

Note that IT;_; and x; are stochastically independent.
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Proof

Suppose By is a function of 0, ..., k.

0By — ~ !
with
I, =1— 060" + 0,0
Let P be a permutation matrix exchanging column 1 with K.
Define ® = OP.
ltis clear that fx (01, ...,0xk) = f1(64, ..., 0x)

Since ® and © have the same distribution, random variables f; (61,
fr (61, ..., 0K) are identically distributed which implies:

E|| f1(01, -y 0" = E|l fx (01, ..., 05"

In the following, we focus therefore on column 65 of ©.

KTr(HoBN) = f1(01, ..., 0K)

..., 0k) and
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Proof

E| f1(61, ..., 0x)||* does not depend on the particular way © is generated provided it is
Haar distributed. We can therefore focus on our construction of Haar distributed matrices.

H 1
EN = QKBNQK — WTI'(HK_lBN)

HytH
x 11 I 1x 1

= KKl gy Tr(IIx_1By)
IxEIE_ |7V |[Tx_1xk|]| N — K

= €e1,N Tt exnN

HytH HyyH
XKHK_lBNHK—lxK XKHK_lBNHK—lxK

€1,N = —
[xx g —1||? N - K

HyyH
— = Tr(Ix_1By).
N N-K N — g THB)
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Proof

HypH
Xl (ByIlg Xk 1
= — Tr(Ilx_1B
N N-K N = TdkaBy)

Xgng_lBNHK—lxK
N — K N — K

2

TI'aCG(HK_lBNHK_1>

1 2
= mTraCC(HK_lBN)

—Trace(H 1B )
N K K—-1DN



Proof

X

HytH
KHK_lBNHK—lxK

HytH
XKHK_lBNHK—lxK

€1,N =

We rewrite the form:

€1,N =

| xx Il —1]|?

HytH
XKHK_lBNHK—lxK

N — K

N — K

HqH

Let us first show tha

¢ XK 1 BNTIE - 1XK

N—-K

( N — K 1>
| xx Il —1]|?

is bounded.
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Proof

As ey n converges to 0 almost everywhere,

xgﬂg_lBNHK_lxK 2Trace(HK_1BN)

< 2||Hg_,B
N-K N_k = 2By

for N large enough (for any matrix X, Trace(X) < ||X||Rank(X) and the rank of IIx_ 1By
does not exceed N — K in our case).

HH
xpllpe BN XK .

As sup oyl I Byl < oo, L is bounded almost everywhere.
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Proof

C oxpg Byl jzk < N - K )
€1,N = —1

N—K ||HK_1XK||2

Note that ITx _; is independent of x .

ITIx_1xx||? is x* distributed with 2(N — K) degrees of freedom. lts probability density
is the function: %e‘t. A direct computation show that:

N — K

1 *=0O(N - K)?
PP | (( ) )

E |

which coincides with O((N) %) if £ — a.
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Results on Random Unitary Matrices

F. Hiai and D. Petz, "The semicircle law, free random variables and entropy," American
Mathematical Society, Providence, 2000

D. Voiculescu, "Limit laws for random matrices and free products”, Invent. Math, 104
(1991), 201-220.

D. Shlyakhtenko, "R-transform of certain joint distributions in Free Probability Theory," D.
V. Voiculescu (ed.), Fields Inst. Commun. 12, Amer. Math. Soc., 1997, pp. 253-256.

P. Diacoms and S.N. Evans, "Linear functionals of eigenvalues of random matrices,"
Transactions AMS 353, 2615-2633.

K. Wreand, "Eigenvalues distributions of random unitary matrices", Probability theory and
related fields, 123, 202-224, 2002.

P. Biane, "Free probability for probabilists”, http://www.dma.ens.fr/ biane, 2000.
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Sum of Random Matrices

Let X and T be N x NN Hermitian matrices with an empirical eigenvalue distribution
converging respectively almost surely towards a compact supported probability
distribution Px and Pr. Let ® be an N x N haar distributed matrix independent from X
and T. Then, almost surely, the empirical eigenvalue distribution of

H=0Te” +X

converges almost surely as K, N — oo but % fixed to a unique non-random distribution
such as:
Ru(2) = Rgpou(2) + Rx(2)
where .
Rx(2) = Kx(-2) — ~
with
Gx(Kx(z)) = Kx(Gx(z)) = =

One might see in the R-transform the non-commutative analog of the logarithm of
the Fourier transform of a probability density function.

29



Application Example

Let X and T be two orthogonal projects on the subspace C" of dimension % i.e the
matrices have % eigenvalues equal to 1 and the rest is equal to 0. As a consequence,

Cx(2) = 1 2z —1
X = 22z(z —1)
z—1—22+1
KX(Z) - 2z
and
z—14+/224+1
Ru(z) = .
which yields
1
Gyz) = ————
a(2) Vv z(z — 2)
Arc-sinus law: .
PH(.CC) — 1[03](213)

v/ z(z — 2)



Where does the result come from: Free Probability Theory

Classical Probability Theory: If we are given probability densities fx and fy for random
variables X and Y respectively, and if we know that X and Y are independent, we can
compute the moments of X 4+ Y and XY for example from the moments of X and Y.
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Where does the result come from: Free Probability Theory

Our Case: Given two random matrices A y and By with limiting spectral measures fa
and fg, we would like to compute the limiting spectral measure for Ay+By and AyBy In
terms of the moments of fo and fg.

Difference with classical probability: A 5 and B,y do not commute so we are in the
realm of non-commutative algebra.

However, it turns out that there is a deterministic and treatable result if:

e The eigenspaces are in generic positions

o if N — o

32



Where does the result come from: Free Probability Theory

D. Voiculescu, Addition of certain noncommuting random variables, J. Funct Anal., 66
(1986), pp. 323-346

The theory of free probability theory allows to compute the moments of the sum/product in
the limit of large matrices as long as at least one of Ay or By has eigenvectors that
essentially are uniformly distributed with Haar measure.

Intuition: With this condition, the eigenvectors of both matrices are "deconnected" (no
specific structure in some sense) and become "free".

For example, A y and G)NBNG)ﬁ, where Ay and By are independent and Oy is a
N x N Haar Unitary matrix, are free.

33



Where does the result come from: Free Probability Theory

More generally, it can be expected that the eigenvalue distribution of f(Ax, By)
depends only on the asymptotic eigenvalue distribution of A 5 and B if:

e Ay and By are independent.
e One of them is unitarily invariant (the joint distribution of the entries does not change

under unitary transform).

Example of unitarily invariant matrices: Gaussian and Wishart matrices.

34



How can we force random matrices to have uniformly
distributed eigenvector structures?

An n X m unitary random matrix is called standard if it is distributed uniformly on the set
U(n) of n X n unitary matrices w.r.t. Haar measure.

e Standard unitary matrices have uniformly distributed eigenvector structures.

e If the U,, are standard unitaries, and A,, is independent from U,,, the random matrix
U,A,U is called a random rotation.

e Even though A,, does not have a uniformly distributed eigenvector structure, U, A, U
always has.

e Limit distributions of standard unitary random matrices are called Haar unitaries.
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Product of Random Matrices

Let X and T be N x NN Hermitian matrices with an empirical eigenvalue distribution
converging respectively almost surely towards a compact supported probability distribution
Px and Pr. Let ® be an N x N haar distributed matrix independent from X and T.
Then, almost surely, the empirical eigenvalue distribution of H = @T®*X converges
almost surely as K, N — oo but £ fixed to a unique non-random distribution such as:

SH(Z) — S@T@H(Z)SX(Z)

where
1+ z

z

Sx(z) = Ex(z)
with
Ex(®x(z)) = ®x(Ex(2)) = 2

Bx(2) = / : itZtPX(t)dt — 1 EGX(%)

The S-transform can be seen as the non-commutative analog of the Mellin
transform in classical probability theory.
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Presentation

Free Probability Theory and Random Matrices
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Convolution for random matrices

e In general, we cannot find the eigenvalues of sums/products of independent random
matrices from the eigenvalues of individual matrices.

e The exception is when the matrices have the same eigenvectors, as for diagonal matri-
ces.

e If this is not the case, it is hard to combine the eigenvectors of A and B to find the
eigenvectors of AB.
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Can convolution be performed for other random matrices?

Result. Assume that A,, and B,, are random matrices which have a limit eigenvalue
distribution (in some sense) as n — oo, and assume that either A,, or B,, have uniformly
distributed eigenvectors with respect to Haar measure. Then A, B,, (A,, + B,,) also have
a limit eigenvalue distribution, only depending on the limit eigenvalue distribution of A,
and B,,.

If the conditions in the result are fulfilled, and the limit eigenvalue distribution of A,, and
B,, are called p4 and u g respectively, we will denote by

palup
for the limit eigenvalue distributions of A,, + B,,, and
pa X pp

for the limit eigenvalue distributions of A, B,,.
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Examples

Let A,, and B,, be Gaussian random matrices with i.i.d entries, mean 0, variance %

e A, and B, have a uniformly distributed eigenvector structure, hence A, B,,, A, + B,

also have limiting eigenvalue distributions.

e The limiting eigenvalue distribution of A,, is called the full-circle law.

o If A,is N x K (with lim,, % = c¢), the limiting eigenvalue distribution of A, A’ is
called the Marchenko Pastur law with parameter c, also called ..

40



Motivation for free probability

One can show that for the Gaussian random matrices we considered, the limits

B (AilBh . Aiszl) = lim tr, (Af}Bf} xE Af{Bff)

n—oo

exist. If we linearly extend the linear functional n to all polynomials in A and B, the
following can be shown:

Result. If P;, Q; are polynomials in A and B respectively, with 1 < ¢ < [, and
p(P;(A)) =0, u(Q;(B)) = 0 for all 7, then

p (P(A)Q(B) - P(A)Qu(B)) = 0.

41



Motivation for free probability

One can show that for two independent standard unitary random matrices U,,, V,,,

M(Uilvjl---Uilel) _ lim (Uélvgl...Uilng) =0

n—0o0

whenever iy, jr # 0. So, all higher moments and mixed moments are 0. These
calculations motivate the following definition of freeness.
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Definition of freeness

Free probability was developed as a probability theory for random variables which do
not commute, like matrices.

Many similarities with classical probability.

Random variables are elements in what we will call a noncommutative probability space:
A pair (A, ¢), where A is a unital x-algebra with unit I, and ¢ is a normalized (i.e.
¢(I) = 1) linear functional on A.

For matrices, ¢ will be the normalized trace tr,,, defined by

1 n
t’rn(a) = EZ Qi
1=1

For random matrices, ¢ = 1, is defined by

mo(a) = %Z E(ay) = E(tra(a)).

1=1

The unit in these x-algebras is the n x n identity matrix I,,.
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Definition of freeness

Definition. A family of unital x-subalgebras (A;);c; is called a free family if

a; € Aij
il#i27i2#i3a°'°ain—l#in :>¢(a’1"'a’n):0’ (2)
¢(a1) = ¢(az) = -+ = ¢(a,) =0

A family of random variables a; is called a free family if the algebras they generate form a
free family.
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Freeness

Enables one to calculate the mixed moments of free random variables.

Enables us to define the operations u4 B up and u4 X pp formally, by associating the
moments of a random variable A with a probability measure pa. ua B pp is defined
as the probability measure 415 when A and B are random variables which are free.
Similarly for pa X upg.

Given p and w2, when there exists a unique i such that 1 = p1 X o, we will write
p1 = 1O pa.

The Gaussian/standard unitary random matrices considered are said to be asymptoti-
cally free.

Freeness captures the limit eigenvalue distributions for combinations of matrices with
uniformly distributed eigenvector structure.
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Free relation

Example: Let a and b be in free relation with respect to ¢. One can understand freeness
as a rule for computing the expectation of products of a and b. Show that:

¢(ab) = ¢(a)p(b)

¢(abab) = ¢(a*)p(b)* + d(a)’p(b”) — ¢(a)’¢(b)’

¢(ab’a) = ¢(a’)p(b?)
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Examples

Examples of asymptotically free random matrices are

1. (A,,U,B,U;), where U, is a standard unitary random matrix independent from
A,,, By,

2. Families of standard unitary random matrices,

Families of Gaussian random matrices,

4. Deterministic matrices which have a limit distribution, combined with the previous men-
tioned families.

w
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Similarities between classical and free probability

. Freeness is the analogy of independence.
. The R-transform: Transform on probability distributions which satisfies

Ruaﬁﬂub(z) — Rua(z) T Rub(z)-

Analogy to the logarithm of the Fourier transform for classical random variables.
. The S-transform: Transform on probability distributions which satisfies

Sua@ub(z) — Sua(z)Sub(z)-

. Free central limit theorem: If aj,as,... are free, and ¢(a;) = 0, ¢(ar) = 1,
sup, |¢(aF)| < oo for all k. Then the sequence (a; + as + - -+ + ay)/+/n con-
verges in distribution to a probability measure with density s-v/4 — z2. This is called
the semicircular law, and is the analogy to the normal law of classical probability.
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Similarities between classical and free probability

1.

Poisson distributions in classical probability have their analogy in the free Poisson dis-
tributions. These are given by the MarCenko Pastur laws u. with parameter c. Their

density is
x—a)t(b—x)T
peta) = (1 - 2yto(e) + LEZD O DT
where (z)" = max(0,z2),a = (1 — /)" anda = (1 + /¢)™.

Both classical and free convolution can be expressed in terms of constructs from com-
binatorics.

(3)
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Presentation

Free Deconvolution for signal processing applications
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Introduction

e Given classical random variables a, b, ¢ so that ¢ = ab.
e a and b are assumed independent.

e How do we find the distribution of b (moments E(b™)) when only the distributions of a
and c are given?

Solution: E(c") = E(a")E(b"),sothat E(b") = E(c")/E(a").
If c = a + b, form the moment generating functions

M,(s) = E(e’"), M.(s) = E(e”).
The moment generating function of b is then
My(s) = M.(s)/M,(s).

The distribution of b can be recovered from M (b).
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Questions

e What if we instead have independent n x n random matrices Aand B,andC = A+ B
(C = AB)?

e How do we find the eigenvalue distribution of B when the eigenvalue distributions of A
and C' are known?

e If the matrices are diagonal, the eigenvalue distributions are easily found. A and B
have equal eigenvectors. The entries in the matrices are the eigenvalues, and the
eigenvalues in the product are the product of the eigenvalues. So, the eigenvalues in
A B can be determined from the eigenvalues in A and B.

Deconvolution for our purposes means to determine/predict the eigenvalue distribution of
B from that of AB and A.
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Definition

Given probability measures p and 2. When there is a unique probability measure 1y
such that

po= p1 B pa, p = p1 X po respectively,
we will write

U1 = O e, 1 = Q@ s respectively.
We say that 1, is the additive free deconvolution (respectively multiplicative free
deconvolution) of p with po.
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Information plus noise model

1
W = — (R + 0X,) (R + oX,)".

e R, and X,, are assumed independent random matrices of dimension n x N.
e X, contains i.i.d. standard (i.e. mean 0, variance 1) complex Gaussian entries.

The can be thought of as the sample covariance matrices of random vectors r,, + ox,,. rj,
can be interpreted as a vector containing the system characteristics (direction of arrival for

instance in radar applications or impulse response in channel estimation applications). x,,
represents additive noise, with o a measure of the strength of the noise.
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Important Result

@. Ryan and M. Debbah, "Free deconvolution for signal processing applications",
submitted to IEEE Transactions on Information Theory.

Result. Assume thatI',, = %Ran converge in distribution almost surely to a compactly
supported probability measure ur. Then we have that W,, also converge in distribution
almost surely to a compactly supported probability measure w1 uniquely identified by

pw @ pe = (Ur @ pe) B p 2,
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Estimation of power and the number of users

1
yi = WPZs, + b

where y;, W, P, s; and b, are respectively the n x 1 received vector,the n x N
spreading matrix with i.i.d zero mean, % variance entries, the N x N diagonal power

matrix, the N x 1 i.i.d gaussian unit variance modulation signals and the n x 1 additive
white zero mean Gaussian noise.
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Estimation of power and the number of users

Usual methods determine the power of the users by finding the eigenvalues of covariance
matrix of y, when the signatures (matrix W) and the noise variance are known.

© =E(yiy!') = wPW" 4 0”1 (4)

However, in practice, one has only access to an estimate of the covariance matrix and
does not know the signatures of the users. One can solely assume the noise variance
known. In fact, usual methods compute the sample covariance matirix (based on L
samples) given by:

L

N 1

®=— E YiyiH (5)
L i=1

and determine the number of users (and not the powers) in the cell by the non
zero-eigenvalues (or up to an ad-hoc threshold for the noise variance) of:

A

O |
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Estimation of power and the number of users

The sample covariance matrix is related to the true covariance matrix © = E (y;y;") by:

~ 1 1

O = @2xXxX"e2
with
® = WPW 1+ 571

and X isan x L i.i.d Gaussian zero mean matrix. Combining (6), (6), with the fact that
wHw, %XXH are Wishart matrices with distributions approaching u v, o respectively,
and using that

B N n (1 N) 5
HwpwH = n:“WHWP - 05

we get due to asymptotic freeness the equation

N N
((_(MM X pup) + (1 — —> 50) Eum) M pn = pg
n n n
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Simulations

In the following simulations, a spreading length of n = 256 and noise variance o* = 0.1
have been used.

We use a 36 x 36 (N = 36) diagonal matrix as our power matrix P, and use three sets of
values, at 0.5, 1 and 1.5 with equal probability, so that

—15 +15 +15
,LLP—3 0.5 3 1 3 1.5
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Simulations

0.8f
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0.2f

0 0.5 1 1.5 2
Power

Figure 1: Distribution of the powers estimated from multiplicative free de-
convolution from sample covariance matrices with L = 2048.

60



Simulations
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Power

Figure 2: Distribution of the powers estimated from multiplicative free de-
convolution from sample covariance matrices with L = 2048.

61



Simulations

We use a 36 x 36 (N = 36) diagonal matrix as our power matrix P with up = 6;. We
would like to determine the number of users.

Predicted number of users

201

10+ + Classical prediction method
O Prediction method based on free convolution

500 1000 1500 2000 2500 3000 3500 4000
Number of observations

Figure 3: Estimation of the number of users with a classical method, and
free convolution I = 1024 observations have been used.
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Last Slide

THANK YOU!
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